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Abstract
We define Type I singularities for the mean curvature flow associated to a density ψ
(ψMCF ) and describe the blow-up at singular time of these singularities. Special attention
is paid to the case where the singularity come from the part of the ψ-curvature due to the
density. We describe a family of curves whose evolution under ψMCF (in a Riemannian
surface of non-negative curvature with a density which is singular at a geodesic of the
surface) produces only type I singularities and study the limits of their blow-ups.
Mathematics Subject Classification (2010) 53C44, 35R01
1 Introduction
The mean curvature flow (MCF for short) of an immersion F0 :M −→M of a hypersurfaceM in
a complete (n+ 1)-dimensional Riemannian manifold (M,g) looks for a family of immersions
F :M × I −→M solution of the equation
∂F
∂t
=
−→
H =HN, F(·,0) = F0 (1)
where H is the mean curvature of the immersion, and we have used the following convention
signs for the mean curvature H , the Weingarten map A and the second fundamental form (h for the
scalar version and α for its tensorial version):
AX = −∇XN , α(X,Y ) =
〈
∇XY ,N
〉
N = 〈AX,Y 〉N , h(X,Y ) = 〈α(XY ),N 〉 , for a chosen unit
normal vector N , and
H = trA =
∑n
i=1h(Ei ,Ei),
−→
H =
∑n
i=1α(Ei ,Ei) = H N for a local orthonormal frame E1, ...,En
of the submanifold, where ∇ denote the Levi-Civita connection on M. With the same notation
∇ we shall indicate the gradient of a function respect to the metric g.
A (n + 1)-dimensional manifold with density (M,g,ψ) is a manifold M with a metric g and
a function ψ : M −→ R where, on any k-dimensional submanifold P of M (1 ≤ k ≤ n + 1), we
consider the metric g induced by g but, instead of the canonical volume element dvkg associated
to the metric g, we use the volume element dvkψ = e
ψdvkg induced by the “density ” ψ. The
volume associated to the density dvkψ is called the ψ-volume.
V kψ(P ) =
∫
P
eψ dvkg ≡
∫
P
dvkψ .
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Manifolds with density are being actively studied in many contexts. We refer to [13] for
a short history in the context of mean curvature flow and to the website reference [20] main-
tained by Frank Morgan for a huge list of papers dealing with manifolds with densities.
The natural generalization of the mean curvature of a hypersurface M in a manifold with
density M is obtained by the first variation of the ψ-volume of M. According to [9], [14] and
[16] it is denoted by Hψ and given (when ∇ψ has sense) by
Hψ =H −
〈
∇ψ,N
〉
.
When working in the context of a manifold with density, it is then natural to consider mean
curvature flows governed by Hψ instead of H . We shall call this flow
∂F
∂t
=
−−→
Hψ =Hψ N = (H −
〈
∇ψ,N
〉
)N, (2)
the mean curvature flow with density ψ (ψMCF for short).
When ψ =constant, we have the standard mean curvature flow (1).
When M is a surface and M is a curve, we shall use the notations κ and κψ for H and Hψ
respectively. In this setting, the mean curvature flow is also called the curve shortening flow.
Smoczyk, in [18], observed that Hψ is the mean curvature of the warped product M ×eψ
R in M ×eψ R, which gives as a consequence that: “the evolution under the ψMCF (2) of a
hypersurface M of M is equivalent to the evolution of the warped product M ×eψ R in M ×eψ R
under the MCF (1)”. Without explicit reference to densities, this equivalence (with S1 instead
R) was used by Angenent ([3]), Altschuler, Angenent and Giga ([1]) and Huisken ([11]) to study
the behavior of different hypersurfaces of revolution under MCF. Also Smoczyk used a similar
approach in [17].
We start this paper by writing explicitely and in detail the equivalence (implicit in [17]) of
many problems related to mean curvature (among them, the MCF) on submanifolds P̂ of a rie-
mannian manifold M̂ such that there is Riemannian submersion pi : M̂ −→M and P̂ contains
all the fibers through points p ∈ P̂ , with the corresponding problems related to the ψ-mean
curvature (among them the ψMCF ) on submanifolds P = pi(P̂ ) in the manifoldM with density
ψ whose value at every point of x ∈M is the logvolume of the fiber of the riemannian submer-
sion over x. We also show how this equivalence gives new justifications of the definitions of
mean and Ricci curvature associated to a density. This is done in section 2.
The above remarks are of some help for the main point of this paper: an introduction to
the study of Type I singularities for ψMCF on a manifold with density. We begin it in section 3
by describing the natural definition of type I and the way of doing the blow-up in this context,
ending the section with Proposition 6, which states the convergence of a sequence of blow-ups
of a type I singular ψMCF to a type I singular ψMCF in the Euclidean space.
After this, in sections 4 and 5, we describe some new situations where the singularities of
the ψMCF are of type I and are localized inside the set of singular points of the density ψ. The
setting for these situations is the following:
The ambient manifold M will be a complete riemannian surface with a metric g that can
be written as
g = dr2 + e2ϕ(r)dz2 and with sectional curvature K ≥ 0, (3)
where ϕ : R −→ R is a smooth function satisfying ϕ(s) = ϕ(−s), r denotes the g-distance to
the curve r = 0, and ϕ(r) ≡ ϕ ◦ r. The existence of such a metric g over M is equivalent to
the existence on M of a geodesic (r = 0 in the coordinates where the metric is written) such
that the reflection respect to this geodesic (r,z) 7→ (−r,z) and the reflections (r,a− z) 7→ (r,a+ z)
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are isometries. Examples of these surfaces are the ellipsoids of revolution, where the geodesic
r = 0 is an equator (among these examples is the round sphere) and the flat plane.
We consider on M a density ψ which depends only on r. That means that there is a smooth
function, denoted again by ψ :]0,∞[−→ R such that ψ(x) = ψ(r(x)) ≡ ψ(r)(x), where the first ψ
is the function defined over M and the second ψ is the function defined on ]0,∞[. We shall
also demand ψ to satisfy
limsup
r→0
(
ψ′′′
ψ′ −
2
b2
ψ′2
)
is bounded from above, (4)
lim
r→0
ψ(n)(r)
b/rn
= (−1)n−1(n− 1)!, for some b > 0 and n = 1,2,3, (5)
where (n) denotes the n-th derivative respect to r. When b = m ∈ N, if M ×eψ/m Sm (where
Sm is considered with its standard metric of sectional curvature 1) is a Riemannian manifold
without singularities then ψ satisfies the conditions (4) and (5) for all n ∈N (then M ×eψ/m Sm
is a rotationally symmetric space in the sense of [5] and [6]). This fact and the equivalence
between the ψMCF of M in M and the MCF of M ×eψ/m Sm in M ×eψ/m Sm motivate to consider
the conditions (4) and (5) also when b <N. We remark that, when ψ satisfies (5) and b is not
a natural number, M ×eψ/k Sk has singularities whatever k ∈ N be. Then the hypothesis on ψ
includes many situations (all when b ∈ R+ −N) where the ψMCF seems to be special and not
equivalent to the MCF in any regular Riemannian manifold. More details are given in section
4.
For the initial curve M0 = F(M,0) we shall consider two possibilities:
(i) M = S1 and M0 is a simple closed curve in M
(ii) M = [b1,b2], M0 is simple and there is a region G = {(r,z) ∈M; a1 ≤ z ≤ a2} such that M0
is contained in G, with ∂M0 = {F(b1,0),F(b2,0)} ⊂ ∂G and M0 orthogonal to ∂G at the points
F(bi ,0).
Next pictures show examples of these cases when M is the round sphere S2.
Along sections 4 and 5 we shall prove the following
Theorem 1. Let (M,g,ψ) be a Riemannian surface with density satisfying the conditions (3),
(4) and (5). Let Mt be the solution of the ψMCF (2) on a maximal interval [0,T [ such that the
initial condition M0 is a graph over the geodesic r = 0, is contained in the band limited by r = 0 and
r = min{z(ϕ′ +ψ′),sup{r;
(
ψ′′ +ψ′2/b
)
|[0,r] ≤ 0}}, satisfiea κψ ≥ 0 (but not identically 0) and (i) or
(ii) above in (M,g,ψ). In case (ii) we add on the problem (2) the boundary condition: “Mt intersects
∂G orthogonally at the boundary of Mt for every t ∈ [0,T [”. Then
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1. κψ > 0 for every t ∈]0,T [.
2. Mt is a graph over r = 0 for every t ∈ [0,T [.
3. T <∞ and the flow F(·, t) is of type I in the sense of Definition 4.
4. At each singular point, a blow-up centered at this point gives a limit flow M˜t in R2 with its
Euclidean metric and density ψ˜∞ = lnrb which is a graph over r = 0 for every time and, after
doing a new blow-up, converges to a lnrb-shrinker in R2, which is the line r = constant in
case b =m ∈N.
The concept of lnrb-shrinker which appeared above is
Definition 1. Given any function f : Rn+1 −→ R, by a f -shrinker in Rn+1 we understand a
hypersurface F :M −→Rn+1 satisfying Hf + 〈F,N 〉 = 0.
Remark 1 (On the hypotheses r < ρ := min{z(ϕ′ +ψ′),sup{r;
(
ψ′′ +ψ′2/b
)
|[0,r] ≤ 0}}). As it is
very usual, z(f ) denotes the first positive zero of a function f .
The inequality z(ϕ′ +ψ′) > 0 follows from (5).
When b = m ∈ N, that is, when the ψMCF is equivalent to a MCF in a Riemannian manifold
M ×eψ/m Sm, one has that if the sectional curvatures of the planes containing ∂r and a vector tangent
to Sm in M ×eψ/m Sm are non-negative, then always ψ′′ +ψ′2/m ≤ 0.
Moreover the condition r < z(ϕ′ +ψ′) is necessary in order that the lines or circles at distance
ρ − ε from the axis r = 0 collapse to this axis. Again details are given in section 4.
This remark gives immediately the following Corollary 2, which requires the definition of
rotationally symmetric spaces and hypersurface, that we borrow from [5] and recall here with
the notation used in this paper.
Definition 2. A rotationally symmetric space respect to an axis z is a smooth Riemannian man-
ifold (M̂, ĝ) admitting cylindrical coordinates (r,z,u) ∈ I × J × Sm respect to which ĝ can be written
in the form
ĝ := dr2 + e2ϕ(r) dz2 + e2ψ/m(r) gS , (6)
where gS is the standard metric of sectional curvature 1 on the sphere Sm.
The curve r = 0 is a geodesic of M̂ and it is called “axis z ”or “axis of revolution”.
Definition 3. Let (M̂, ĝ) be a rotationally symmetric space respecto to an axis z. A hypersurface
of revolution S of M̂ generated by a graph over the axis z is a submanifold of M̂ that can be described
in cylindrical coordinates by the immersion J ×Sm −→ M̂/(z,u) 7→ (r(z), z,u), where r(z) is a smooth
function.
Now, we can state the announced
Corollary 2. Let (M̂, ĝ) be a rotationally symmetric space of dimension m+ 2 and non-negative
sectional curvature. Let M0 be a hypersurface of revolution of M̂ generated by a graph over the axis
“z”, with non-negative mean curvature (but not identically 0) and contained in the region limited by
the cylinders r = 0 and r = z(ϕ′ +ψ′). Let Mt be the solution of the MCF (1) on a maximal interval
[0,T [ with the initial condition M0. We consider two cases:
(i) M0 is a closed hypersurface
(ii) M0 is a compact hypersurface with boundary contained in the boundary of a band G limited
by two hypersurfaces z = b1 and z = b2. In this case we add to (1) the boundary condition: “Mt
intersects ∂G orthogonally at the boundary of Mt for every t ∈ [0,T [”.
Then
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1. H > 0 for every t ∈]0,T [.
2. Mt is a hypersurface of revolution of M̂ generated by a graph over the axis “z” for every t ∈
[0,T [.
3. T <∞ and the flow F(·, t) is of type I.
4. At each singular point, a blow-up centered at this point gives a limit flow which is a graph
over r = 0 for every time and, after doing a new blow-up, converges to a cylinder in Rm+2.
This Corollary generalizes to manifolds with non-negative curvature some results obtained
by G. Huisken ([11]) and S. Altlschuler, S. Angenent and Y. Giga ([1]) for surfaces of revolution
in the Euclidean Rn+1.
2 Manifolds with density and Riemannian submersions
Let pi : M̂ −→M be a Riemannian submersion with m-dimensional fibers, and M of dimension
n+ 1. For every p ∈M, the riemannian volume element dvn+1+mĝ of M̂ can be written (with an
obvious abuse of notation) as dvn+1+mĝ (x) = dv
n+1
g (p)∧ dvm(x) for every x ∈ pi−1(p) and p ∈M,
where dvn+1g denotes the volume element of M, and dv
m(x) denotes the volume element of
the fiber pi−1(p). As a consequence, for every `-dimensional submanifold P ⊂M, the volume
element of P̂ = pi−1(P ) is dv`+m
P̂
(x) = dv`g(p)∧ dvm(x), where dv`g is the volume element of P .
Let us suppose that the fibers pi−1(p) have finite volume. Define ψ :M −→R by
eψ(p) :=
∫
pi−1(p)
dvm(x), (7)
which defines a density over M. One has
V `+m(pi−1(P )) =
∫
pi−1(P )
dv`g(p)∧ dvm(x)
=
∫
P
(∫
pi−1(p)
dvm(x)
)
dv`g(p) =
∫
P
eψdv`g = V
`
ψ(P ); (8)
that is, the volume of pi−1(P ) coincides with the ψ-volume of P .
Now, we relate other geometric invariants associated to the density with geometric invari-
ants in (M̂, ĝ).
First, let us compute ∇ψ. For every v ∈ TpM, p ∈ M, let c(t) be a curve in M satisfying
c(0) = p and c′(0) = v. Let us denote by −→H p the mean curvature vector of the leaf pi−1(p) in
M̂ and by v∗ the horizontal lift of v on the fiber pi−1(p) (that is, v∗(x) = pi⊥∗
−1v, where pi⊥∗ is
the restriction of pi∗ to the complementary orthogonal of Txpi−1(p)). By the definition of the
gradient,〈
∇ψ,v
〉
=
dψ ◦ c
dt
∣∣∣∣
t=0
=
d
dt
∣∣∣∣
t=0
ln
∫
pi−1(c(t))
dvm = − 1∫
pi−1(p)dv
m
∫
pi−1(p)
〈−→
H p(x),v
∗
〉
dvm(x), (9)
where the last equality follows from the formula of the first variation of the area applied to
the variation (x, t) 7→ c∗x(t), c∗x(t) being the horizontal lift of c(t) starting at x ∈ pi−1(p).
Equation (9) says that the gradient of ψ at p ∈ M is the averaged mean curvature of the leaf
pi−1(p). Moreover,
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Proposition 3. If the leaf pi−1(p) has constant mean curvature, in the sense that its mean curva-
ture vector in M̂ is the horizontal lift of a vector tangent to M, then
∇ψ(p) = −pi∗x−→H p(x) for every x ∈ pi−1(p). (10)
If ∇̂ and ∇ denote, respectively, the covariant derivative in M̂ and M, the equations of
a Riemannian submersion give the relation pi∗(∇̂X∗Y ∗) = ∇XY , or, equivalently, (∇̂X∗Y ∗)⊥ =
(∇XY )∗ for every vector fields X, Y defined on M.
As a consequence, if M is an immersed hypersurface of M, the second fundamental form
α̂ of pi−1(M) in M̂ is related with the corresponding one α of M in M by
α̂(X∗,Y ∗) = α(X,Y )∗ and Ĥ(x) =H(p) +
〈−→
H p(x),N ∗(x)
〉
for every x ∈ pi−1(p).
Then, if
−→
H p is the horizontal lift of a vector tangent to M, the above remark and (10) give
Ĥ(x) =H(p)−
〈
∇ψ(p),N (p)
〉
.
That is,
Proposition 4. If
−→
H p is the horizontal lift of a vector tangent to M, the ψ-mean curvature of M
in M coincides with the mean curvature of pi−1(M) in M̂.
A consequence of these observations is that the isoperimetric problem for densities, the
classification of submanifolds of constant ψ-mean curvature and the mean curvature flow for
densities on a manifold M are equivalent to the corresponding purely Riemannian problems
for manifolds M̂ such that there is a Riemannian submersion pi : M̂ −→ M with leafs which
have “constant” mean curvature vector and submanifolds S of M̂ which contain all the fibers
in M of points p ∈ M = pi(S). When a group G acts as a group of isometries on a manifold
M̂, a G-equivariant problem is a problem where only G-equivariant domains or G-equivariant
submanifolds are considered. These G-equivariant problems fit in the above class of Rieman-
nian problems. An example is the equivariant MCF studied in [17], which is solved using the
equivalent problem on densities, although, once again, the word density is not mentioned.
Let us remark that, not only problems with Riemannian submersions give rise to a prob-
lem with densities. When the density function ψ is regular, it is also true the assertion in the
opposite direction: any problem with densities is equivalent to many problems on Riemannian sub-
mersions. In fact, given the manifold with a density (M,g,ψ) and any m-dimensional Rieman-
nian manifold Q of finite volume V , take φ =
(
eψ/V
)1/m
and the warped product M̂ =M ×φQ
defines a Riemannian submersion pi : M̂ −→M; pi(p,x) = p for which the formula (7) gives the
original density eψ as the density over M defined by pi.
The hypothesis that fibers have finitem-volume may be changed by the hypothesis that the
volume forms of the fibers are homothetic, that is: there is a function eψ : M −→ R such that
the volume elements of the fibers have the form dvmp = e
ψ(p)ϕα∗dωm for every fibered chart ϕα
of a certain atlas of the fibration pi : M̂ −→M and a fixed volume form dωm on the canonical
fiber. With this alternative hypothesis, we still have that dv`+m(x) = dv`(p)∧ dvm(x), then (up
to the isomorphisms ϕ∗α) dv`+m(x) = eψ(p)dv`(p)∧ dωm. This gives the same relations between
H and Ĥ than before. Warped products M̂ = M ×eψ/m Q (with any Riemannian manifold Q)
provide a family of Riemannian submersions pi : M̂ −→M which satisfy the above alternative
hypothesis. When volume(Q) is finite, one obtains for the ψ defining the homothecies the
expression eψ(p) = V (pi−1(p))/V (Q), which differs from (7) only in the product by a constant,
which does not affect the geometry of the problems.
These considerations give another justification of some of the definitions of the Ricci cur-
vature in a Riemannian manifold with density. The known formulae for the curvature for a
6
warped product (cf. [15]) state:
R̂ic(X,Y ) = Ric(X,Y )− m
eψ/m
∇2(eψ/m)(X,Y )
= Ric(X,Y )− m
eψ/m
eψ/m
m
(∇2ψ + 1
m
∇ψ ⊗∇ψ)(X,Y )
= Ric(X,Y )− (∇2ψ + 1
m
∇ψ ⊗∇ψ)(X,Y ) (11)
which coincides with the Ricci curvature with density in Bayle’s thesis (cf. [4]), and is called
many times the Bakry-Emery tensor. If our starting subject is the manifold with density
(M,g,ψ), the m ∈ N is arbitray , we can take m → ∞ and obtain another usual definition of
Ricci curvatue associated to a density (see, for instance, [14]).
3 Type I singularities for the ψMCF and their blow-up
To introduce the concept of Type I flow for the ψMCF , we shall start using the equivalence
between ψMCF and certain MCF stated in the previous section.
Let (M,g,ψ) be a Riemannian manifold with density. Let M0 be a hypersurface of M and
Mt be the ψMCF on M with M0 as initial condition. We know that this is equivalent to the
MCF of M0 ×eψ/m Q in M ×eψ/m Q, and that M ×eψ/m Q could be a singular Riemannian manifold
at the points where ψ has singularities. We emphasize that it could happen that ψ be singular
and M ×eψ/m Q be still a regular Riemannian manifold, as we shall see soon. For the MCF it
is known that, if T is the maximal existence time, one has that either the evolution attains a
singular point of the metric of M ×eψ/m Q at time T or |Ât |2 becomes infinite at T and, then,
max
x∈M̂t
|Ât |2 ≥ 12(T − t) . (12)
The second fundamental form α̂t and the Weingarten map Ât of Mt ×eψ/mQ in M ×eψ/mQ satisfy
the equations (see [15])
ÂtX
∗ = (AtX)∗, ÂtV = −∇̂VN ∗t = −Nte
ψ/m
eψ/m
V = − 1
m
〈
∇ψ,Nt
〉
V (13)
for every vertical vector field V . Then |Ât |2 = |At |2 + 1m
〈
∇ψ,Nt
〉2
and |Ât |2 becomes infinite at T
if and only if |At |2 or
〈
∇ψ,Nt
〉2
becomes infinite at T . This condition means that the hipersur-
face Mt becomes singular (limt→T |At |2→∞) or the equation (2) itself becomes singular when
t → T , then it is just the condition for the first singular time of the ψMCF . That is, the final
times T for the flows (1) and (2) coincide if we do not worry about the possible singularities of the
Riemannian manifold M ×eψ/m Q. Of course, if
〈
∇ψ,Nt
〉2 → ∞ when t → T , the hipersurface
touches the singular points of ψ in the limit when t→ T , however, a hypersurface could con-
tain singular points of ψ and keep
〈
∇ψ,Nt
〉2
bounded. According to (12) and (13), if T is the
first singular time of the ψMCF , one has
max
x∈Mt
(
|At |2 + 1m
〈
∇ψ,Nt
〉2) ≥ 1
2(T − t) . (14)
The inequality (14) could come from |A| → ∞ or from |
〈
∇ψ,N
〉
| → ∞ or both together.
There are interesting situations where the singularities come from the second case, because
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this localizes the possible singularities at the singular points of the density ψ. As we shall
prove in section 4, the situations described in Theorem 1 fall in this type.
As in the MCF, because of property (14), it has sense to define
Definition 4. A ψMCF is of type I if there is a constant C > 0 such that
sup
Mt
(
|A|2 + 1
b
〈
∇ψ,N
〉2) ≤ C
T − t where b > 0 (15)
Then, if ∇ψ is bounded in the region of M where Mt evolves by the ψMCF , the evolution
of Mt is of type I if and only if there is a constant C > 0 such that sup
Mt
|A|2 ≤ C
T − t .
The number b > 0 is irrelevant, it only changes the constant C in (15), but it is the memory
of the m in (14) and it is useful in the context of the hypothesis (5) used in Theorem 1.
An immediate property of type I evolutions is
Proposition 5. IfM is compact and F :M×[0,T [−→M is a type I evolution under ψMCF , with
T <∞, then F(·, t) converges uniformly, as t → T , to some continuous function F(·,T ) : M −→M.
Moreover, the limit F(M,T ) is also compact.
Proof For every p ∈M, 0 ≤ s < t < T one has
d(F(p,s),F(p, t)) ≤ Lts(F(p,σ )) =
∫ t
s
∣∣∣∣∣∂F∂σ
∣∣∣∣∣dσ = ∫ t
s
|H −
〈
∇ψ,N
〉
|dσ
≤
∫ t
s
(
|H |+ |
〈
∇ψ,N
〉
|
)
dσ ≤
∫ t
s
√
C(
√
n+
√
b)√
T − σ dσ
= 2
√
C(
√
n+
√
b)
(
−√T − t +√T − s
)
. (16)
This shows that the family F(·, t) satisfies Cauchy condition for the topology of the uniform
convergence, which proves that the functions F(·, t) converge to a continuous function F(·,T )
as t→ T , then F(M,T ) is compact if M is. unionsqu
As in [11], this proposition led us to the
Definition 5. We say that p ∈M is a blow-up point for the ψMCF of M if there is a x ∈M such
that F(x, t) converges to p and |A|(x, t) or |
〈
∇ψ,N
〉
|(x, t) become unbounded as t→ T .
3.1 Blow-up of the ambient space
Let Mt be the evolution of a type I ψMCF of a compact hypersurface M without boundary
or with the boundary in the boundary ∂G of a domain G in M. Let p ∈ G \ ∂G be a blow-
up point in M and let x ∈ M such that F(x, t) →
t→T p. Let us consider a sequence of times
0 < t1 < t2 < ... < tj < ... < T which converge to T . At each tj , let us rescale the metric g as
gj := λ2j g, where λ
2
j ≡ λ(tj )2 :=
C
T − tj . (17)
This produces the same rescaling for the metric gjt induced on Mt by g
j respect the metric
gt of Mt induced by g, that is
g
j
t = λ
2
j gt .
8
Let R > 0 be lower than the injectivity radius of M and also lower than the distance from
p to ∂G. The pointed Riemannian manifolds (BgR(p), g
j ,p) (where g0 := g) converge, in the
Cheeger-Gromov C∞ topology, to the pointed Euclidean space (Rn+1, ge,0). In fact, let us de-
note by Φj : (Rn+1, ge) −→ (TpM,gjp) an isometry between these two Euclidean vector spaces;
there is a family of open sets BeλjR of R
n+1 that contain 0 and a family of diffeomorphisms
ϕj : B
e
λjR
→ BgR(p), ϕj(v) = expg
j
p ◦Φj(v) such that ϕ∗jgj converge to ge C∞-uniformly on ev-
ery compact of (Rn+1, ge), because ϕ−1j gives the normal coordinates around p of the points in
(BgR(p), g
j ) and, computing in these coordinates, we obtain that the expressions of the metrics
gj in normal coordinates around p are
g˜
j
ik(0) := (ϕ
∗
jg
j )ik(0) = (ϕ
∗
0g
0)ik(0) = g
e
ik = δik , (18)
g˜
j
ik(v) := (ϕ
∗
jg
j )ik(v) = (ϕ
∗
0g
0)ik(v/λj ), (19)
∂
∂v`
g˜
j
ik(v) =
1
λ j
∂
∂v`
g˜0ik(v/λj ), (20)
· · · · · · · · · (21)
∂r
∂v`1 · · ·∂v`r g˜
j
ik(v) =
1
λrj
∂r
∂v`1 · · ·∂v`r g˜
0
ik(v/λj ), (22)
which gives the desired smooth convergence of ϕ∗jg
j to ge on every compact when j → ∞
(equivalent to λj →∞).
3.2 Blow-up of the density function
For the gradients of the funtion ψ respect to the metrics g and gj , we have
g(∇ψ,X) = dψ(X) = gj(∇jψ,X) = λ2j g(∇
j
ψ,X), (23)
then ∇ψ = λ2j∇
j
ψ. (24)
To consider the function ψ defined on the subsets BeλjR ofR
n+1, we have to do the pull-back
by ϕ∗j , and we obtain the induced functions
ψ˜j := ϕ∗jψ = ψ ◦ϕj : BeλjR ⊂Rn+1 −→R. (25)
Let us observe that if Φ−10 (X) = v, then Φ−1j (X) = λjv, which gives
ψ˜j(v) = ψ(expg
j
p Φj(v)) = ψ(exp
g
pΦ0(v/λj )) = ψ˜
0(v/λj ). (26)
If ψ is a well defined function on all M (without singularities), ψ˜∞(v) := limj→∞ ψ˜j(v) =
limj→∞ ψ˜0(v/λj ) = ψ˜0(0) = ψ(p) is a constant function. Here, as above, the limits are in the
topology of smooth convergence on compacts.
When ψ is singular at p, the above has no sense because ψ˜ is not continuous or even it is
not defined at 0. But there are still a very general situations where ψ is singular at p but we
have a nice limit. This will be the case in the proof of Theorem 1, which we shall see in section
4.
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3.3 Blow-up of the hypersurfaces of the flow
If p is a blow-up point, there is a x ∈ M such that F(x, t) converges to p when t → T . Then
F−1(BgR(p)) is an open set in M × [0,T [ that contains {x} × [t0,T [ for some t0 ∈ [0,T [. For every
t ∈ [t0,T [, let Mt be the connected component of M containing x and contained in F−1t (BgR(p)),
where Ft := F(·, t). From the choice of R all the gt-geodesics of Mt starting from x are defined
for all the values of its length-arc parameter or they stop just at the boundary of Mt.
We define now the rescaled flows Fj(·, τ(t)) from Mt into (BgR, gj ) using the above rescaling
of the metric, with tj > t0, and the following rescaling of time
τ = λ2j (t − tj ) =
C(t − tj )
T − tj , τ ∈
[
C(t0 − tj )
T − tj ,C
[
,
that is, Fj :
⋃
τ∈
[
C(t0−tj )
T−tj ,C
[Mt(τ)×{τ} −→ (BgR, gj ), with t(τ) = tj+(1/C)(T −tj )τ = tj+λ−2j τ is defined
by
Fj(·, τ) = F(·, tj +λ−2j τ) in (BgR, gj ) (27)
For simplicity, and without loss of generality, from now on we shall take t0 = 0.
From F(x, t) −→
s→T p, taking t→ T in (16), it follows that dg(F(x,s),p) ≤ 2
√
C
(√
n+
√
b
)√
T − s.
Then
dgj (F
j(x,τ),p) ≤ 2√C
(√
n+
√
b
)√
λ2j (T − tj + tj − s) = 2
√
C
(√
n+
√
b
)√
(C − τ). (28)
Let N jτ be the g
j-unit normal vector of the immersion Fj(·, τ) and {ejτ i}ni=1 a local orthonor-
mal tangent frame of the immersion Fj(·, τ). Obviously, N jτ = Nτ /λj , ejτ i = eτ i/λj , and the
second fundamental forms α and αj of F and Fj are related by:
hτ (X,Y ) = g(∇XY ,Nτ ) = 1
λ2j
gj(∇jXY ,λjN jτ ) =
1
λj
h
j
τ (X,Y ), (29)
which gives, for the mean curvature,
Hτ =
∑
i
hτ (eτ i , eτ i) =
∑
i
1
λ j
h
j
τ (λje
j
τ i ,λje
j
τ i) = λjH
j
τ (30)
and, for the norm of the second fundamental form,
|hτ |2g =
∑
ik
|hτ (eτ i , eτ k)|2 =
∑
ik
1
λ2j
λ4j |hjτ (ejτ i , ejτ k)|2 = λ2j |hjτ |2gj (31)
Moreover
g(∇ψ,N ) = 1
λ2j
gj(λ2j∇
j
ψ,λjN
j ) = λjg
j(∇jψ,N j ) (32)
Proposition 6. Let F : M × [0,T [−→ M be a type I ψMCF of a compact manifold M closed
or with boundary ∂M such that F(∂M,t) ⊂ ∂G for a domain G of M with smooth boundary. Let
p ∈ G \∂G be a blow-up point of the flow. Let us suppose that either
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(i) the density ψ is regular at p, or
(ii) ψ is singular at p and the set S of singular points of ψ is a regular submanifold ofM satisfying
that, given any curve c : [0,1]→M with c(1) ∈ S and c([0,1[)∩S = ∅, the limt→1∇ψ/ |∇ψ|(c(t))
lies in the normal bundle of S.
Then, in case (i) the blow-up sequence of maps Fj defined in (27) subconverges smoothly on compacts
to a ψMCF F˜∞ : M∞×] −∞,C[−→ Rn+1 with the Euclidean metric ge and a density ψ˜∞ which is
constant. In case (ii), may be the limit ψ˜∞ is not well defined, but still the maps Fj subconverge
smoothly on compacts to a flow F˜∞ : M∞×] −∞,C[−→ Rn+1 with the Euclidean metric ge, each
embedding F˜∞(·, τ) has a well defined ψ˜∞-mean curvature and F˜∞(·, τ) follows a ψMCF motion
driven by this ψ˜∞-mean curvature.
In both cases the flows Fj and F˜∞ are of type I, and every hypersurface F˜∞(M∞, τ) with the
metric induced by the immersion F˜∞(·, τ) is complete.
Proof From their definition and formulae (30) and (32), the Fj(·, τ) satisfy the equation:
∂Fj
∂τ
= λ−2j
∂F
∂t
=
1
λ2j
HψN =
1
λ2j
(λjH
j −λjgj(∇jψ,N j )) λjN j = (H j − gj(∇jψ,N j )) N j . (33)
Then every Fj(·, τ) is a ψMCF in the ambient space with density (M,gj ,ψ). For every τ , because
F is of type I, using (31), (32) and Definition (15), we obtain
|αjτ |2gj +
1
b
gj(∇jψ,N j )2 = 1
λ2j
|ατ |2g +
1
λ2j
1
b
g(∇ψ,N )2 ≤ 1
λ2j
C
T − t =
C
C − τ . (34)
Then, every flow Fj is of type I, because C is the supremum of the values of τ .
Now, let us consider the flows Fj(·, τ) for τ defined only on the closed interval [−λ2j0tj0 ,C−ε],
j ≥ j0. On this interval, (34) gives an universal bound
|αjτ |2gj +
1
b
gj(∇jψ,N j )2 ≤ C
C − τ ≤
C
C − (C − ε) =
C
ε
. (35)
Since gj(∇jψ,N j )2 is bounded, we have only three posibilites:
1 ψ is smooth everywhere.
2 Fj(·, τ) does not touch any singular point of ψ for τ ≤ C − ε
3 There is a first τ0 ≤ C − ε and a singular point Fj(x0, τ0) of ψ, such that
lim(x,τ)→(x0,τ0) g
j(∇jψ,N j )(x,τ) = 0.
In case 3, from the hypothesis limz→p∇jψ/ |∇jψ| is in the normal bundle of the singular set S of
ψ, one deduces that Fj(Mτ0 , τ0) is transversal to S at F
j(x0, τ0). Since the original hypersurface
did not touch S, this implies that there is a t(τ) < t(τ0) < T where the hypersurface F(M,t(τ))
is tangent to S, which gives |
〈
∇ψ,N
〉
| =∞ at that point, which is impossible because T is the
first singular time for the flow F. That means that case 3 is impossible. But in cases 1 and 2 the
ψMCF Fj in (M,gj ) is equivalent to the MCF Fj × Id in M ×eψ S1, and the norms of the second
fundamental form of the corresponding immersions satisfy |α̂jτ |2 = |αjτ |2gj+gj(∇
j
ψ,N j )2 ≤ C(1+b)ε .
Then, the usual computations (see [10]) for the MCF give that all |∇̂jr α̂jτ | are bounded for every
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r ∈N. From (13) and the rules for the covariant derivative in a warped product, this implies
that |∇jrαjτ | and
∣∣∣∣∣∇jr 〈∇jψ,N j〉∣∣∣∣∣ are bounded for every r ∈N. These bounds and (33) give also
universal bounds on the derivatives of F respect to τ . All these bounds are taken with the
metrics gj in the ambient spaces.
Let us denote by ∇e the covariant derivative in Rn+1, and by gjeτ , ∇˜jeτ , N˜ jeτ , α˜jeτ and H˜ jeτ
the corresponding metric, unit normalal, second fundamental form and mean curvature of
the immersion F˜j(·, τ) := ϕ−1j ◦ Fj(·, τ) into BeλjR with the Euclidean metric ge. Since (B
g
R(p), g
j )
converges to (Rn+1, ge) when j →∞ (that is, the metrics {g˜j = ϕ∗jgj}j≥j0 converge to ge on each
B
ge
λj0R
), one has that
lim
j→∞ |g
je
τ −ϕ∗jgjτ |ge = 0, limj→∞ |N˜
je
τ −ϕ−1j∗ N jτ |ge = 0, limj→∞ |α˜
je
τ −ϕ∗jαjτ |ge = 0,
lim
j→∞ |H˜
je
τ −H jτ ◦ϕj |ge = 0, lim
j→∞ |(∇˜
je
τ )
kα˜
je
τ −ϕ∗j (∇jτ )kαjτ |ge = 0. (36)
From (36) it follows that when we consider all the above magnitudes in Rn+1 with the Eu-
clidean metric, they are also bounded. Moreover, by (28), the distance fromϕ−1j ◦Fj
⋃τ∈[C(t0−tj )T−tj ,C[Mt(τ) × {τ}

to 0 ∈Rn+1 is bounded. Then, by standard arguments (like in [12] page 91 or [19] page 87), the
maps ϕ−1j ◦Fj C∞-converge on the compacts to a smooth map F˜∞ defined on M∞×]−∞,C[, for
some manifold limit M∞, with values in Rn+1 with the Euclidean metric (and with a density
ψ˜∞ = limj→∞ ψ˜j if the limit exists).
Although may be that ψ˜∞ is not always well defined, there is always a limit of the mean
curvatures associated to the densities, which we shall still name the mean curvature associated
to the limit density. In fact, from (34) it follows that bothH jτ and g
j(∇jψ,N j ) are bounded, then
there is a subsequence of Fj such that limj→∞H
j
ψτ = limt→∞(H
j
τ−gj(∇jψ,N j )) =: H˜∞τ exists, and
it is the claimed mean curvature associated to the limit density and is bounded by
√
(n+ b)C
ε
for τ ≤ C − ε.
On the other hand, since we have a C∞-convergence, also respect to τ , we have
∂F˜∞
∂τ
= lim
j→∞
∂ϕ−1j ◦Fj
∂τ
= lim
j→∞(H
j − gj(∇jψ,N j )) N j = H˜∞τ N∞. (37)
Moreover, the limit flow F˜∞ is also of type I because of (34) and (36).
Because we have chosen Mt as the connected component of M × {t} containing (x, t) and
contained in F−1(BgR(p)), the gt-geodesics of Mt starting from (x, t) are well defined until they
touch the boundary of Mt which is contained in the boundary of B
g
R. But, when j →∞, this
boundary goes to the infinite, then, in the limit, the geodesics starting from (x, t) are well de-
fined until the infinite. Then the corresponding limit manifold is complete. unionsqu
4 ψMCF of curves in surfaces producing type I singularities
4.1 On the setting and the hypotheses of Theorem 1
In this section we shall describe in detail the setting for Theorem 1 and will motivate its hy-
potheses, then we describe some basic properties of the ψMCF in this setting, as the evolution
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of the barrier lines, which implies the production of singularities, and the preservation of the
sign of κψ and the property of being a graph (Propositions 7 and 8 and Corollary 9). Then we
state a serie of formulae of variation with the goal of proving (in the next section) that all the
singularities which are formed are of type I.
We shall consider a surfaceM with metric g = dr2 +e2ϕ(r)dz2. We consider on it a density ψ
which depends only on the coordinate r and is singular on the geodesic r = 0, which we shall
denote also by Γ . Let us remark that the coordinate r of a point gives the distance of this point
to Γ .
We take z as the arc-length parameter of the geodesic r = 0 on M, then ϕ must satisfy
ϕ(0) = 0. Moreover, the fact that g is a metric imposes that ϕ′ has the Taylor expansion
ϕ′(r) = −K(0) r +K(0)2 r3/6 + ... (38)
and the Gauss curvature K of M is given by
K = −ϕ′′ −ϕ′2. (39)
and, for the covariant derivative ∇ of M, we have
∇∂r∂r = 0, ∇∂z∂z = −ϕ′e2ϕ∂r , ∇∂r∂z = ∇∂z∂r = ϕ′∂z. (40)
It follows from the first equation (40) that the curves z =constant are geodesics and, from
(40) and (38), that Γ (curve r = 0) is again a geodesic. Moreover, it is immediate from the
expression of g that the reflection respect to Γ ((r,z) 7→ (−r,z) and those respect to the curves
z = c ((r, c − z) 7→ (r, c+ z)) are isometries.
From (40), we obtain the following concrete expression when M is a curve in a surface M
like the above one:〈
∇N∇ψ,N
〉
= (Nψ′)
〈
∇r,N
〉
+ψ′
〈
∇N∇r,N
〉
= ψ′′
〈
∇r,N
〉2
+ψ′ϕ′
〈
N −
〈
N,∇r
〉
∇r,N
〉
= ψ′′
〈
∇r,N
〉2
+ψ′ϕ′
(
1−
〈
N,∇r
〉2)
. (41)
When M is a graph (r(z), z) over Γ , one has also the following useful formulae for the unit
tangent vector t and the unit normal N to the curve M:
t =
r˙∇r +∂z√
r˙2 + e2ϕ
, N =
−e2ϕ∇r + r˙∂z
eϕ
√
r˙2 + e2ϕ
(42)
and the following expressions for its curvature κ and for u :=
〈
N,∇r
〉
κ =
〈
∇tt,N
〉
=
eϕ√
r˙2 + e2ϕ
(−r¨ + r˙2ϕ′
r˙2 + e2ϕ
+ϕ′
)
, u :=
〈
N,∇r
〉
=
−eϕ√
r˙2 + e2ϕ
. (43)
WhenM×eψ/mSm is a Riemannian manifold, for every p ∈ Γ , let us consider the hypersurface
of M ×eψ/m Sm given by {expp ru, u ∈ TpΓ⊥ ⊂ Tp(M ×eψ/m Sm)}. The Weingarten map AS of a
geodesic sphere defined in that hypersurface is given by
ASX = −∇X∇r +
〈
∇X∇r, ∂zeϕ
〉
∂z
eϕ
=
ψ′
m
X, that is, AS =
ψ′
m
Id.
13
From this and the properties of the mean curvature of a geodesic sphere around a point in a
Riemannian manifold (see [8], Theorem 3.2), one gets
ψ′(r) = m
r
− r
3
RicS(∇r,∇r)(p) +
∑
j≥2
Ajr
j , (44)
where the Aj are constants determined by the value at p of polynomials in the curvature and
the covariant derivatives of the curvature of {expp ru, u ∈ TpΓ⊥} at p. The condition (44) implies
lim
r→0
ψ(n)(r)
m/rn
= (−1)n−1(n− 1)! for every n (45)
and limsup
r→0
(
ψ′′′
ψ′ −
2
b2
ψ′2
)
is bounded from above. (46)
Moreover the sectional curvatures of M ×eψ/m Sm corresponding to the planes rz and those
generated by ∂r and a vector ∂i tangent to Sm, or by ∂z and ∂i are, respectively,
Srz = R̂rzrz = −(ϕ′′ +ϕ′2), Sri = R̂riri = −ψ
′2 +mψ′′
m2
, Szi = R̂zizi = −ψ
′ϕ′
m
. (47)
The formulae (45) and (46) have motivated us to consider densities ψ over M satisfying
(5) and (4). Observe, however, that, when b is not a natural number, there is no natural m for
which M ×eψ/m Sm to be a smooth Riemannian manifold, because, in these cases, the sectional
curvature Sri becomes infinite when r→ 0.
According to formulae (47), when M ×eψ/m Sm is a manifold (that is b =m), Sri ≥ 0 is equiva-
lent to ψ′′ +ψ′2/m ≤ 0, then the hypothesis r ≤ sup{r;ψ′′ +ψ′2/b ≤ 0} in Theorem 1 is not a rare
analytic condition, it is motivated by this fact and can be understood as the positivity of the
sectional curvature in some strange manifolds with not integral dimension.
4.2 The proof of points 1 to 3 of Theorem 1
In this subsection we shall write many evolution formulae in an appropriate way to apply
maximum principles. In those expressions will appear the laplacian ∆ψ associated to a density,
and we recall here its definition
∆ψf = ∆f +
〈∇ψ,∇f 〉 (48)
and the way that the divergence theorem applies: Given an n+1 dimensional oriented compact
Riemannian manifold Ω with smooth boundary ∂Ω, let N be the unit vector normal to ∂Ω
pointing outward, one has∫
Ω
f ∆ψf dv
n+1
ψ = −
∫
Ω
|∇f |2 dvn+1ψ +
∫
∂Ω
f
〈
∇f ,N
〉
dvnψ . (49)
Remark 2. The following properties of the ψMCF (2) will be used from now on.
(a)
∂r
∂t
=
〈
∂F
∂t
,∇r
〉
=
〈
κψN,∇r
〉
= κψu where u :=
〈
N,∇r
〉
. (50)
(b) If the evolving curve is a graph,ψ′ ≥ 0 andN points to the singular axis, −
〈
∇ψ,N
〉
= −ψ′
〈
∇r,N
〉
=
−ψ′ u ≥ 0.
(c) On a line r =constant, the value of κψ is ϕ′ −
〈
∇ψ,N
〉
= ϕ′ −ψ′
〈
∇r,−∇r
〉
= ϕ′ +ψ′
14
which is positive (in fact it is +∞ if limr→0ψ′(r) = +∞) at r = 0 and remains to be positive for r in
the interval [0,z(ϕ′ +ψ′)[.
(d) If we apply the evolution formula (50) to the ψMCF of the line r = r0 < z(ϕ′+ψ′), we obtain that
it evolves giving lines r = r(t) satisfying the equiation
∂r
∂t
= −ϕ′ −ψ′ < −min{(ϕ′ +ψ′)(r), 0 < r ≤ r0} =: −µ, with r(0) = r0, µ > 0, (51)
whose solution satisfies r(t) < r0−µt, then in a finite time T < r0/µ, r(T ) = 0 and the curve r = 0 has
ψ-curvature κψ =∞.
(e) For the ψMCF (2) one has the following variational formulae (cf. [13]),
∇Nt
∂t
= −∇κψ , (52)
∂
∂t
dvgt = −κψ κdvgt and
∂
∂t
dvnψ = −κ2ψdvnψ . (53)
∂κψ
∂t
= ∆ψκψ +κψ
(
|A|2 + (Ric)NN −
〈
∇N∇ψ,N
〉)
= ∆ψκψ +κψ
(
κ2 +K −
(
ψ′′
〈
∇r,N
〉2
+ψ′ϕ′
(
1−
〈
N,∇r
〉2)))
. (54)
As a consequence of Remark 2 (c) and (d) and the avoidance principle, one has
Proposition 7. Any curve inside the domain bounded by the lines r = r0 < z(ϕ′ +ψ′) and r = 0
which moves by the ψMCF remains contained on this domain along all the motion, and the maximal
time of existence of the motion is finite T < r0/µ, where µ is defined in (51) .
In most of the estimates that we obtain below we apply the maximum principle. This
requires that the maximum or minimum are given in an interior point. Then, in the setting
where the curve that moves has boundary, we should need to study the boundary separated.
But since we are working with curves contained between the lines z = b1, z = b2, and in our
ambient surfaces the maps (r, c − z) 7→ (r, c + z) are isometries, if, for instance, the maximum
is at z = b2, we can consider the symmetry respect to z = b2 given by (r,z) = (r, b2 + (z − b2)) 7→
(r, b2 − (z − b2)) = (r, 2 b2 − z) that doubles the curve and the point z = b2 becomes an interior
point, to which all the arguments apply.
Proposition 8. Let F(·, t) be a compact curve evolving under ψMCF in a surface with density
(M,g,ψ) satisfying the hypotheses of Theorem 1. If κψ ≥ 0 but not identically 0 on M0, then κψ > 0
for t > 0.
Proof From the Proposition 7 and the hypothesis on the bound of r ≤ r0 < min{z(ϕ′ +
ψ′),sup{r; (ψ′′ +ψ′2/b)|[0,r] ≤ 0}} at time 0, one has that r(F(·, t)) ≤ r0 for every t ∈ [0,T [. This
inequality, K ≥ 0, (5), (38) and (39) imply that
ϕ′ ≤ 0, ϕ′′ ≤ 0, ψ′ > 0, ψ′′ < 0 (55)
and, since ψ′ and ψ′′ are continuous on the interval ]0, r0] with limr→0ψ′ =∞ and limr→0ψ′′ =
−∞, there are positive real numbers ε, δ such that
ψ′ ≥ ε > 0, ψ′′ ≤ −δ < 0, ψ′ϕ′ ≤ 0 (56)
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Plugging these inequalities in (54), we obtain that this equation has the form
∂κψ
∂t
= ∆ψκψ + ηκψ with η ≥ δu2 ≥ 0. (57)
Then, by the strong maximum principle (for instance, cf. [7], page 181), we get κψ(t) > 0 for
t > 0. unionsqu
Corollary 9. Let F(·, t) be a compact curve evolving under ψMCF in a surface with density
(M,g,ψ) satisfying the hypotheses of Theorem 1. If κψ ≥ 0 (but not identically 0) and F(·,0) is a
graph over the geodesic r = 0, then F(·, t) is a graph for every t ∈ [0,T [.
Proof Since u is C∞ on M×]0,T [, supx∈M u is Lipschitz (then
continuous) on ]0,T [. If supx∈M u changes of sign, there must be
a first t0 where (supx∈M u)(t0) = 0. By the boundary conditions,
this supremum is attained at some interior point x0 ∈M. At this
point u =
〈
∇r,N
〉
= 0, then, by Proposition 8, the curvature κ
of M satisfies κ(x0) = κψ + ψ′u > 0. But this implies that, in a
neighborhood of x0, the curveMt0 is on one side of its tangent line
(which has the equation z = constant) and touches this tangent
line only at x0. Then, in this neighborhood of x0, the sign of u
changes at x0, in contradiction with the fact that the maximum of
u on Mt0 is on x0 and u(x0) = 0. unionsqu
Now we give a serie of technical lemmas (mainly variation formulae) with the aim of prov-
ing that, in this setting, the ψMCF produces Type I singularities. The strategy for doing so is
similar to that used in [11] and [1] with some variations obliged and shortcuts possible by the
circumstances of our setting.
The idea is to prove that the part k2 := −ψ′u = −〈∇ψ,N〉 (positive because ψ′ > 0 and the
curve is a graph, that is, u < 0) of κψ = κ + k2 dominates (up to a constant) the part given by
the standard curvature κ of the curve. Then, since by hypotheses (5) ψ′ is dominated (again
up to a constant) by 1/r, the curvatures κ and k2 will be dominated by 1/r, and it is proved at
the end that satisfies the type I condition. The key points for that are good estimates of the
quotients κ/k2 and k2/κψ, which are obtained through their respective formulae of variation,
whose computation requires many other formulae of variation, which we start now.
Proposition 10. The evolution of r(F(·, t)) when F(·, t) evolves in a surface M under the ψMCF
(2) is
∂r
∂t
= ∆ψr +ϕ
′ |∇r |2 −ϕ′ −ψ′ . (58)
Proof. On the curve the laplacian of r is just ttr. Then the ψ-laplacian is
∆ψr = t
2(r) +
〈
ψ′∇r,t
〉〈
∇r,t
〉
= t2(r) +ψ′
〈
∇r,t
〉2
= t2(r) +ψ′(1−u2)
t2(r) = t
〈
t,∇r
〉
=
〈
∇tt,∇r
〉
+
〈
t,∇t∇r
〉
= κ
〈
∇r,N
〉
+
〈
t,ϕ′(t−
〈
t,∇r
〉
∇r)
〉
= κ
〈
∇r,N
〉
+ϕ′ −ϕ′
〈
∇r,t
〉2
= (κψ +
〈
ψ′∇r,N
〉
)
〈
∇r,N
〉
+ϕ′
〈
∇r,N
〉2
= κψ
〈
∇r,N
〉
+ (ψ′ +ϕ′)
〈
∇r,N
〉2
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Then
∆ψr = κψ
〈
∇r,N
〉
+ψ′ +ϕ′
〈
∇r,N
〉2
Plugging this expression into (50),
∂r
∂t
= ∆ψr −ψ′ −ϕ′
〈
∇r,N
〉2
what coincides with the formula that we wanted to prove. unionsqu
Proposition 11. The evolution of u(F(·, t)) when F(·, t) evolves in a surface M under the ψMCF
(2) is
∂u
∂t
= ∆ψu −
(
ψ′ϕ′ +ϕ′2 −ϕ′′ −ψ′′
)
u(1−u2) + (κ+ϕ′u)2u (59)
Proof Using (52) and (41) for ψ = r, we obtain
∂u
∂t
= κψ
〈
∇N∇r,N
〉
−
〈
∇r,∇κψ
〉
= κψϕ
′(1−u2)−
〈
∇r,t
〉
tκ+
〈
∇r,∇(ψ′u)
〉
= κψϕ
′(1−u2)−
〈
∇r,t
〉
tκ+ψ′
〈
∇r,∇u
〉
+uψ′′
〈
∇r,∇r
〉
(60)
Computing now the Laplacian,
∆ψu = ttu +ψ
′ 〈∇r,∇u〉
tu =
〈
∇tN,∇r
〉
+
〈
N,∇t∇r
〉
= −κ
〈
t,∇r
〉
+
〈
N,ϕ′(t−
〈
t,∇r
〉
∇r)
〉
= − (κ+ϕ′u)
〈
t,∇r
〉
ttu = −
(
(tκ) +ϕ′′
〈
t,∇r
〉
u +ϕ′
(
− (κ+ϕ′u)
〈
t,∇r
〉))〈
t,∇r
〉
− (κ+ϕ′u)
(
κ
〈
N,∇r
〉
+
〈
t,ϕ′(t−
〈
t,∇r
〉
∇r)
〉)
= −(tκ)
〈
t,∇r
〉
+ϕ′κ(1−u2) +
(
ϕ′2 −ϕ′′
)
u(1−u2)−κ2u − 2ϕ′κu2 −ϕ′2u3
∆ψu = −(tκ)
〈
t,∇r
〉
+ϕ′κ(1−u2) +
(
ϕ′2 −ϕ′′
)
u(1−u2)−κ2u − 2ϕ′κu2 −ϕ′2u3
+ψ′ 〈∇r,∇u〉 (61)
By substitution of this expression in (60), we obtain:
∂u
∂t
= κψϕ
′(1−u2) +∆ψu −ϕ′κ(1−u2)−
(
ϕ′2 −ϕ′′
)
u(1−u2) +κ2u + 2ϕ′κu2 +ϕ′2u3 +uψ′′(1−u2)
= ∆ψu −
(
ψ′ϕ′ +ϕ′2 −ϕ′′ −ψ′′
)
u(1−u2) +κ2u + 2ϕ′κu2 +ϕ′2u3.
unionsqu
Proposition 12. The evolution of (ψ′u)(F(·, t)) when F(·, t) evolves in a surface M under the
ψMCF (2) is
∂(ψ′u)
∂t
= ∆ψ(ψ
′u) + −ψ
′′ψ′ −ψ′′ϕ′
ψ′3
(ψ′u)3 + (κ+ϕ′u)2ψ′u
+
(
−ψ′′′u −
(
ψ′ϕ′ +ϕ′2 −ϕ′′
)
uψ′ + 2ψ′′ (κ+ϕ′u)
)
(1−u2) (62)
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Proof We just compute
∂
∂t
−∆ψ acting on ψ′u.
∂(ψ′u)
∂t
−∆ψ(ψ′u) = u
(
∂ψ′
∂t
−∆ψψ′
)
+ψ′
(
∂u
∂t
−∆ψu
)
− 2〈∇ψ′ ,∇u〉 . (63)
∂ψ′
∂t
= ψ′′ ∂r
∂t
= ψ′′κψu = ψ′′
(
κu −ψ′u2
)
. (64)
∆ψ′ = ttψ′ = t
(
ψ′′
〈
t,∇r
〉)
= ψ′′′(1−u2) +ψ′′
(
κ
〈
N,∇r
〉
+ϕ′
〈
t, (t−
〈
t,∇r
〉
∇r)
〉)
= ψ′′′(1−u2) +ψ′′κu +ψ′′ϕ′u2. (65)
u
(
∂ψ′
∂t
−∆ψψ′
)
= u
(
ψ′′
(
κu −ψ′u2
)
−ψ′′′(1−u2)−ψ′′κu −ψ′′ϕ′u2 −ψ′ψ′′(1−u2)
)
= −u
(
ψ′′ψ′u2 + (ψ′′′ +ψ′ψ′′)(1−u2) +ψ′′ϕ′u2
)
. (66)
From (59), (63) and (66), one obtains
∂(ψ′u)
∂t
−∆ψ(ψ′u) = −u
(
ψ′′ψ′u2 + (ψ′′′ +ψ′ψ′′)(1−u2) +ψ′′ϕ′u2
)
+ψ′
(
−
(
ψ′ϕ′ +ϕ′2 −ϕ′′ −ψ′′
)
u(1−u2) + (κ+ϕ′u)2u
)
+ 2ψ′′(κ+ϕ′u)(1−u2)
and formula (62) follows. unionsqu
If the curve is a graph over the geodesic r = 0 and ψ′ , 0, then k2 := −ψ′u > 0.
Now, we would like to prove that k2 ≤ Ckψ for some constant C independent of t. Let us
observe that if κ ≥ 0, as k2 > 0 and κψ > 0, then k2 ≤ kψ which gives k2κψ ≤ 1, then the difficulties
to prove the bound we like arise only when κ < 0. We start by computing the variation of the
quotient
k2
κψ
.
Lemma 13. The evolution of
k2
κψ
when Mt evolves in a surface M under the ψMCF (2) is
∂
∂t
( k2
κψ
)
= ∆ψ
( k2
κψ
)
+
2
κψ
〈
∇
( k2
κψ
)
,∇κψ
〉
+
k2
κψ
ψ′′ϕ′ψ′ (2− 3u2) + 2u2ϕ′2 − ψ′′′ψ′ (1−u2) +ϕ′′(2−u2)

+ 2
(
k2
κψ
− 1
)(
ϕ′ψ′u2 +ψ′′(1−u2)
)
. (67)
Proof. We just compute using the formula ∆ψ
k2
κψ
= − k2
κ2ψ
∆ψκψ +
1
κψ
∆ψk2 − 2κψ
〈
∇
(
k2
κψ
)
,∇κψ
〉
and
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the equations (54) and (62)
∂
∂t
( k2
κψ
)
= ∆ψ
( k2
κψ
)
+
2
κψ
〈
∇
( k2
κψ
)
,∇κψ
〉
+
1
κψ
( ∂
∂t
k2 −∆ψk2
)
− k2
κ2ψ
( ∂
∂t
κψ −∆ψkψ
)
= ∆ψ
( k2
κψ
)
+
2
κψ
〈
∇
( k2
κψ
)
,∇κψ
〉
+
k2
κψ
− ψ′′(ψ′ +ϕ′)ψ′3 k22 +κ2 + 2κϕ′u +ϕ′2u2
−
(
ψ′′′
ψ′ +ϕ
′(ψ′ +ϕ′)−ϕ′′
)
(1−u2)− 2ψ′′( κ
k2
− ϕ
′
ψ′ )(1−u
2)

− k2
κψ
(
κ2 −ϕ′′ −ϕ′2 −ψ′′u2 −ψ′ϕ′(1−u2)
)
;
∂
∂t
( k2
κψ
)
−∆ψ
( k2
κψ
)
− 2
κψ
〈
∇
( k2
κψ
)
,∇κψ
〉
=
k2
κψ
− ψ′′ϕ′ψ′ u2 − 2 κk2ϕ′ψ′u2 +ϕ′2(1 +u2)−
(
ψ′′′
ψ′ +ϕ
′2 −ϕ′′
)
(1−u2)− 2ψ′′( κ
k2
− ϕ
′
ψ′ )(1−u
2) +ϕ′′

=
k2
κψ
ψ′′ϕ′ψ′ (2− 3u2)− 2 κk2 (ϕ′ψ′u2 +ψ′′(1−u2))+ 2u2ϕ′2 − ψ
′′′
ψ′ (1−u
2) +ϕ′′(2−u2)
.
=
k2
κψ
ψ′′ϕ′ψ′ (2− 3u2) + 2u2ϕ′2 − ψ′′′ψ′ (1−u2) +ϕ′′(2−u2)
− 2(1− k2κψ
)(
ϕ′ψ′u2 +ψ′′(1−u2)
)
.
Where, in the last equality, we have used that
κ
κψ
= 1− k2
κψ
. unionsqu
Lemma 14. Under the hypotheses of Theorem 1, for any t0 ∈]0,T [, the quotient k2κψ is uni-
formly bounded on M × [t0,T [ by max{1,
(
maxMt0
k2
κψ
)
eαr0/µ}, where r0 = max{r(x),x ∈ Mt0} and
µ = min{(ϕ′ +ψ′)(r), 0 < r ≤ r0}.
Proof When the hypotheses of Theorem 1 are satisfied, we know from Proposition 8 that
κψ(t) > 0 for every t ∈]0,T [, and the quotient k2κψ is well defined for such t. Moreover, from
Corollary 9 and the first equality in (56),
k2
κψ
> 0. From the inequalities (55) it follows that
ϕ′ψ′u2 +ψ′′(1− u2) ≤ 0. Moreover, it follows from (5) that −ψ
′′′
ψ′ (1− u
2) ≤ C2 for some C2 > 0
and every r ∈]0, r0] and, from (5) and (38), that ψ
′′ϕ′
ψ′ (2− 3u
2) ≤ C1 for some C1 > 0 and every
r ∈]0, r0] and obviously 2u2ϕ′2 ≤ C3 > 0 and ϕ′′(2−u2) ≤ 0 by (55). Plugging these inequalities
in (67) we obtain that either
k2
κψ
≤ 1 or
∂
∂t
( k2
κψ
)
≤ ∆ψ
( k2
κψ
)
+
2
κψ
〈
∇
( k2
κψ
)
,∇κψ
〉
+
k2
κψ
C1 +C3 +C2
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By the maximum principle, k2/κψ is bounded from above by the solution of the equation y′(t) =
α y(t), α = C1 +C2 +C3, with the initial condition y(t0) = maxMt0 (k2/κψ), that is
k2
κψ
(p, t) ≤
(
max
Mt0
k2
κψ
)
eα(t−t0),
for every t ∈ [t0,T [. By Remark 2, T is finite and lower than r0/µ, then
k2
κψ
(p, t) ≤
(
max
Mt0
k2
κψ
)
eα(T−t0) ≤
(
max
Mt0
k2
κψ
)
eαr0/µ. (68)
The statement of the Lemma follows from these remarks. unionsqu
Lemma 15. For every real number b > 0, one has
∂
∂t
( κ
k2
)
= ∆ψ
( κ
k2
)
+
2
k2
〈
∇
( κ
k2
)
,∇k2
〉
+ 2
κψ
k2
[(b ψ′′ +ψ′2
b
(1−u2) +ϕ′ψ′u2
) κ
k2
+
1
b
ψ′2(1−u2)
(1
b
− κ
k2
)]
+
κψ
k2
−ϕ′′(2−u2)− 2ϕ′2u2 + (ψ′′′ψ′ − 2b2ψ′2)(1−u2) + ψ′′ϕ′ψ′ (−2 + 3u2)
. (69)
Proof. Computing like in the proof of Lemma (13), we obtain
∂
∂t
( κ
k2
)
= ∆ψ
( κ
k2
)
+
2
k2
〈
∇
( κ
k2
)
,∇k2
〉
+ 2
(
ψ′′(1−u2) +ϕ′ψ′u2
)κψ
k2
κ
k2
+
2
b2
ψ′2
κψ
k2
(1−u2)
+
κψ
k2
−ϕ′′(2−u2)− 2ϕ′2u2 + (ψ′′′ψ′ − 2b2ψ′2)(1−u2) + ψ′′ϕ′ψ′ (−2 + 3u2)

= ∆ψ
( κ
k2
)
+
2
k2
〈
∇
( κ
k2
)
,∇k2
〉
+ 2
κψ
k2
[(
ψ′′(1−u2) +ϕ′ψ′u2
) κ
k2
+
1
b2
ψ′2(1−u2)
]
+
κψ
k2
−ϕ′′(2−u2)− 2ϕ′2u2 + (ψ′′′ψ′ − 2b2ψ′2)(1−u2) + ψ′′ϕ′ψ′ (−2 + 3u2)

= ∆ψ
( κ
k2
)
+
2
k2
〈
∇
( κ
k2
)
,∇k2
〉
+ 2
κψ
k2
[(b ψ′′ +ψ′2
b
(1−u2) +ϕ′ψ′u2
) κ
k2
+
1
b
ψ′2(1−u2)
(1
b
− κ
k2
)]
+
κψ
k2
−ϕ′′(2−u2)− 2ϕ′2u2 + (ψ′′′ψ′ − 2b2ψ′2)(1−u2) + ψ′′ϕ′ψ′ (−2 + 3u2)
.
unionsqu
Lemma 16. Under the hypotheses of Theorem 1, the quotient |κ/k2| is uniformly bounded on Mt
for t ∈ [0,T [
Proof If κ/k2 ≤ 1/b, κ/k2 is bounded from above. If κ/k2 > 1/b, then in the formula of
Lemma 15, the addend that contains the term 1/b − κ/k2 becomes negative, κψ/k2 > 0, and,
thanks again to (5), (55) and (56), the coefficient of κ/k2 is non positive, and the other addend
that multiplies kψ/k2 = 1 +κ/k2 is bounded by some constant δ. Then we can write
∂
∂t
(
κ
k2
)
≤ ∆ψ
( κ
k2
)
+
2
k2
〈
∇
( κ
k2
)
,∇k2
〉
+ δ
κ
k2
+ δ
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and the maximum principle gives
κ
k2
≤ (1 + max
M0
κ
k2
)eδT −1 ≤ (1 + max
M0
κ
k2
)e(δr0)/µ −1. Then κ/k2
is bounded from above.
If κ < 0, as by Proposition 8 kψ > 0, we have |κ| < k2 and |κ/k2| ≤ 1. unionsqu
Corollary 17. Singularities of the flow occurs when and only when the evolving curve touches
the axis Γ .
Theorem 18. Under the hypotheses of Theorem 1, the ψMCF develops, in the first singular
points, singularities of type I.
Proof Instead of (2), we can use the equivalent flow
∂F
∂t
=
κψ〈
N,∇r
〉∇r (70)
Which has sense when the evolving curve is a graph over Γ , because this implies that
〈
N,∇r
〉
<
0 never vanishes, and it is equivalent to (2) because
〈
∂F
∂t
,N
〉
= κψ. Under this flow, the variation
of r is given by
∂r
∂t
=
〈
∇r, ∂F
∂t
〉
=
〈
∇r, κψ〈
N,∇r
〉∇r〉 = κψ
u
=
κ
u
−ψ′ . (71)
From Lemmas 16 and 14 |κ| ≤ C1(−ψ′ u) ≤ C2(−ψ′ u + κ), then (remeber u < 0) κu ≤
∣∣∣∣κu ∣∣∣∣ ≤
C2(ψ
′ − κ
u
), that is (1 +C2)
κ
u
≤ C2 ψ′. From this and (71),
∂r
∂t
≤
(
C2
1 +C2
− 1
)
ψ′ = − 1
1 +C2
ψ′ ≤ −C3 br , (72)
where we have used (5) for the last inequality then
∂r2
∂t
≤ −2 b C3 =: −C4,
and, for any 0 < t < t1 < T , one has
r2(t1)− r2(t) ≤ −C4(t1 − t), 1r2(t) ≤
1
r2(t1) +C4(t1 − t) ≤
1
C4(t1 − t) for every t1 < T
Taking limits when t1→ T , we have the inequality
1
r(t)
≤ 1√
C4(T − t)
(73)
On the other hand, by Lemma 16, the definition of k2, and (73),
|k2|2 + |κ|2 ≤ (1 +C5)k22 ≤ (1 +C5)ψ′2 ≤ C6
b2
r2
≤ C6b
2
C4(T − t) (74)
which shows that the singularity is of type I. unionsqu
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5 Convergence of the blow-ups for some type I singularities (the
proof of point 4 in Theorem 1)
Let us suppose that we have a ψMCF on Rn+1 with the Euclidean metric and with a density
ψ(p) = b lnr(p), where r(p) is the Euclidean distance from p to the axis z ≡ xn+1 of Rn+1. One has
the following monotonicity formula analogous to the Huisken’s formula for the MCF in [11].
Proposition 19. Let u :Rn+1× [0,T [−→R be defined as u(p, t) = (4pi(T − t))−(n+b)/2e−|p|2/(4(T−t)).
If F : M × [0,T [−→ Rn+1 is a family of immersions of a hypersurface M moving by the ψMCF that
either is compact or the Euclidean (n−1)-volume of the boundary of the intersections of Mt with the
closed balls BR of Rn+1 centered at the origin are bounded by f (t)Rq, with f (t) > 0 and q a fixed
positive number, one has
d
dt
∫
M
u(F(x, t), t)dvψ = −
∫
M
(
Hψ +
〈F(x, t),N (F(x, t))〉
2(T − t)
)2
u(F(x, t), t)dvψ (75)
When b = m ∈N, we recover the standard Huisken’s monotonicity formula restricted to hypersur-
faces in Rn+1+m obtained by the rotation of a hypersurface in Rn+1.
Proof First a Minkowski’s formula. For hypersurfacesX :M −→Rn+1 the classical Minkowski
formula states that ∆(12 |X |2) = n+H 〈N,X〉. When we have also a density, we have ∆ψ(12 |X |2) =
n+H 〈N,X〉+
〈
∇ψ,∇(12 |X |2)
〉
= n+H 〈N,X〉+
〈
∇ψ, 12∇|X |2
〉
−
〈
∇ψ,N
〉〈
1
2∇|X |2,N
〉
= n+Hψ 〈N,X〉+〈
∇ψ,X
〉
. If ψ(p) = b lnr(p),
〈
∇ψ,X
〉
= b 1r(X)
〈
∇r,X
〉
= b, then
∆ψ(
1
2
|X |2) = n+ b+Hψ 〈N,X〉 . (76)
Now we take the derivative, taking into account (53)
d
dt
∫
M
u(F(x, t), t)dvψ =
∫
M
(
1
2(T − t)
(
n+ b − |F|
2
2(T − t) −Hψ 〈F,N 〉
)
−Hψ2
)
u dvψ (77)
and substituting (76) in the above expression
d
dt
∫
M
u(F(x, t), t)dvψ =
∫
M
(
1
2(T − t)∆ψ
(1
2
|F|2
)
− |F|
2
4(T − t)2 − 2
Hψ 〈F,N 〉
2(T − t) −Hψ
2
)
u dvψ (78)
∫
M
|F|2
4(T − t)2dvψ =
∫
M
|F>|2
4(T − t)2dvψ +
∫
M
〈N,F〉2
4(T − t)2dvψ (79)
If M is compact, we can apply divergence theorem (49) for the ψ-laplacian with the ψ-volume
to∫
M
(
1
2(T − t)∆ψ
(1
2
|F|2
))
u dvψ = −
∫
M
1
2(T − t)
〈
∇
(1
2
|F|2
)
,∇u
〉
dvψ
=
∫
M
1
4(T − t)2
〈
∇
(1
2
|F|2
)
,∇
(1
2
|F|2
)〉
udvψ =
∫
M
1
4(T − t)2 |F
>|2udvψ
(80)
By substitution of (79) and (80) into (78)
d
dt
∫
M
u(F(x, t), t)dvψ =
∫
M
(
− 〈N,F〉
2
4(T − t)2 − 2
Hψ 〈F,N 〉
2(T − t) −Hψ
2
)
u dvψ (81)
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which gives (75).
IfM is not compact, we can compute the integral alongM as the limit of the integrals along
its intersections MtR := Mt ∩ BR with the closed balls BR of Rn+1 centered at the origin with
radius R when R→∞.∫
MtR
(
1
2(T − t)∆ψ
(1
2
|F|2
))
u dvψ = −
∫
MtR
1
2(T − t)
〈
∇
(1
2
|F|2
)
,∇u
〉
dvψ +
∫
∂MtR
1
2(T − t)ν
(1
2
|F|2
)
u dvψ
=
∫
MtR
1
4(T − t)2 |F
>|2udvψ +
∫
∂MtR
1
2(T − t)ν
(1
2
|F|2
)
u dvψ
(82)
where ν is the outward unit normal vector field on ∂MtR. Let us study the last addend in (82)∫
∂MtR
ν
(1
2
|F|2
)
u dvψ = (4pi(T − t))−(n+b)/2e−R2/(4(T−t))
∫
∂MtR
〈ν,F〉r(F)bdv
≤ (4pi(T − t))−(n+b)/2e−R2/(4(T−t))Rb+1
∫
∂MtR
dv
≤ (4pi(T − t))−(n+b)/2e−R2/(4(T−t))f (t) Rq+b+1→ 0 when R→∞. (83)
and we continue the proof of the formula as in the compact case. unionsqu
We want to apply the above formula to a ψMCF of a complete graph (r(z), z) over the axis z in
R2. In this caseM is not compact and it is easier to check the condition of the above theorem if
we take closed squares CR centered at 0 of side 2R instead of balls BR. To check this condition
we shall need the Sturmian Theorem that we shall write below.
In order to prove the announced Sturmian Theorem, we shall work with the flow (70)
equivalent to the ψMCF and used in the proof of Theorem 18. Under this flow the variation of
r is given by (71). To obtain the variation of η := r˙ ≡ ∂r
∂z
we take the derivative of (71) respect
to z and obtain
∂r˙
∂t
=
∂
∂z
κψ
u
=
∂
∂z
(κ
u
−ψ′
)
=
uκ˙ −κu˙
u2
−ψ′′ r˙ . (84)
Plugging (43) in this and doing the corresponding derivatives, we obtain, for η := r˙
∂η
∂t
=
η¨
η2 + e2ϕ
+ T (η)η (85)
where
T (η) := − 2η˙
(η2 + e2ϕ)2
(η˙ + e2ϕϕ′)− 2
( η˙
η2 + e2ϕ
− η
2
(η2 + e2ϕ)2
(η˙ + e2ϕϕ′)
)
ϕ′
− η
2
η2 + e2ϕ
ϕ′′ −ϕ′′ −ψ′′ ,
From Corollary 17 we know that for every t0 ∈ [0,T [, T (η) and also the coefficient of η¨ in (85)
are bounded on J×[0, t0], where J is the domain where z lives. Then we can apply the Sturmian
Theorem of Angenent (cf. [2]) to obtain
Lemma 20. Let Mt, with t ∈ [0,T [, be a maximal solution of (70) with initial condition M0 and
satisfying the hypotheses of Theorem 1. For each t ∈ [0,T [, the set Zt = {z ∈ S1 or z ∈ [a1, a2]; r˙t = 0}
is finite, the function t 7→ N (t) := ](Zt) is non increasing and, at the points (z0, t0) satisfying 0 =
r˙t0(z0) = r¨t0(z0) there is a neighborhood where the number of zeroes decreases.
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In the following Lemma, which is an adaptation of formula (57) in [13] before doing the in-
tegration, we shall use the following multi-index notation. Capitals will denote multi-indices.
For us, all the entries jk of a multi-index J = (j1, ...., jq) will be ordered j1 ≥ j2 ≥ · · · ≥ jq > 0.
For such a multi-index, we shall denote |J | := j1 + ...+ jq, d(J) := q, o(J) = j1, ∂Jsx := ∂j1s x . . .∂jqs x,
∇Jx := ∇j1x⊗ · · · ⊗∇jqx.
Lemma 21 ([13]). One has the following evolution formula under ψMCF (2) in R2,
∂
∂t
(∂ns κψ)
2 = ∆ψ
(
∂ns κψ
)2 − 2(∂n+1s κψ)2
+ 2(an0 + an1κψ + an2κ
2
ψ)(∂
n
s κψ)
2 +
∑
aiJ
(
κiψ∂
J
sκψ
)
(∂ns κψ), (86)
where i + |J | ≥ 1, i ≤ n+ 1, o(J) ≤ n− 1, |J | ≤ n, the coefficients “anj” are polynomials of degree 2− j
in the variables ∇mψ (where ∇mψ has degree m), and the coefficients aiJ are polynomials of degree
n+ 3− i − |J | − d(J) in the variables ∇mψ acting on ∂s and/or N , and some of them can be zero.
Now, we are ready to prove points 4 in Theorem 1 and Corollary 2
Theorem 22. Under the hypotheses of Theorem 1, at the first singular time, at each singular
point, a blow-up centered at this point gives a new type I limit flow in R2 with its Euclidean metric
and density ψ˜∞ = lnrb which is a graph over r = 0 for every time and, after doing a new blow-up,
converges to a lnrb-shrinker in R2, which is the line r =constant in case b =m ∈N.
Proof From Proposition 6, a blow-up centered at this point gives a limit flow in R2 with its
Euclidean metric and density limj→∞ψ ◦ϕj is this limit exist. To know that, in fact, the limit
exists and what it is, we use the property ψ˜j(v) = ψ˜0(v/λj ) stated in (26). This formula implies
that ψ˜j ′(r) = 1/λjψ˜0′(r/λj ) then, by (5),
lim
j→∞
ψ˜j ′(r)
b/r
= lim
j→∞
ψ˜0′(r/λj )
b/(r/λj )
= 1
that is, in the C0 convergence on compacts, there is a limit function ψ˜∞′ = b/r of ψ˜j ′ which
allows us to define the density ψ˜∞ on R2 by ψ˜∞ = b lnr and the limit flow F˜∞(·, τ) satisfies the
equation (2) with the mean curvature associated to this density.
Since F˜j(·, τ) are graphs that converge C∞ on the compacts to F˜∞(·, τ), then the equivalent
flows (˜rj(z,τ), z) have the derivatives of r˜j(z,τ) respect to z are bounded on every compact
by the bounds of the derivatives of F˜j(z,τ) respect to z, then the r˜j(z,τ) converge C∞ on the
compacts to a function r˜∞(z,τ) and F˜∞(·, τ) is a graph for every τ .
Now, we apply to the flow F˜∞(·, τ) in the Euclidean space with density (R2, ge, ψ˜∞ = lnrb)
the standard blow-up
λ(τ)2 =
1
2(C − τ) , τ˜(τ) = lnλ(τ), F˜(·, τ˜) = e
τ˜ F˜∞(·, τ(τ˜)) (87)
and ψ˜(v) = ψ˜∞(v/λ) = ln r(v/λ)b = ln r(v)
b
λb
, (88)
which gives
κ˜(F˜(·, τ˜)) := H˜(F˜(·, τ˜)) = 1
λ
H˜∞(F˜∞(·, τ(τ˜))) =: 1
λ
κ˜∞(F˜∞(·, τ(τ˜))), (89)
ge(∇ψ˜,N )(F˜(·, τ˜)) = 1
λ
ge(∇ψ˜∞,N )(F˜∞(·, τ(τ˜))), (90)
|κ˜|2 = |α˜F˜ |2 =
1
λ2
|α˜∞|2 = 1
λ2
|κ˜∞|2 (91)
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and, taking into account the estimate (34),
1
b
ge(∇ψ˜,N )2 + |κ˜|2 = 1
λ2
ge(∇ψ˜∞,N )2 + 1
λ2
|κ˜∞|2 ≤ 1
λ2
C
C − τ = 2 C (92)
κ˜2ψ =
1
λ2
(κ˜∞ψ )2 =
1
λ2
ge(∇ψ˜∞,N )2 + 1
λ2
|κ˜∞|2 + 2 1
λ2
|ge(∇ψ˜∞,N )| |κ˜∞| ≤ 2 C(1 +√b)2 (93)
Moreover, it follows from (28) and (87) that the points giving rise to the blow-up remain at
finite distance from 0.
Let us observe also that (87) and (88) give
ψ˜(F˜(·, τ˜)) = ψ˜∞(F˜∞(·(τ(τ˜))) = ln(r(F˜∞(·, τ(τ˜))b) (94)
that is, the function induced on M by the immersions F˜ : M −→ R2 and F˜∞ : M −→ R2 is the
same, let us call it ψM , but the metrics induced satisfy g˜ = λ2g˜∞, which gives for the gradients
of the above functions in the two different metrics the relation ∇˜ψM = λ−2∇˜∞ψM (because
g˜∞(∇˜∞ψM ,X) = dψM(X) = g˜(∇˜ψM ,X) = λ2g˜∞(∇˜ψM ,X)). Moreover, the ordinary laplacians in
these two metrics are related by ∆˜ = λ−2∆˜∞.
From both expressions we obtain
∆˜ψM = λ
−2∆˜∞ψM (95)
Moreover:
(∂ms˜ κ˜ψ)
2 =
1
λ2m+2
(∂ms˜∞ κ˜
∞
ψ )
2,
∂τ
∂τ˜
=
1
λ2
, (96)
and
∇mψ˜ = λ−m∇mψ˜∞ (97)
From (86) and the above expressions, we have
∂
∂τ˜
(∂ms˜ κ˜ψ)
2 =
1
λ2
∂
∂τ
( 1
λ2m+2
(∂ms˜∞ κ˜
∞
ψ )
2
)
= −2m+ 2
λ2m+2
(∂ms˜∞ κ˜
∞
ψ )
2 +
1
λ2m+4
(
∆˜∞ψM
(
∂ms˜∞ κ˜
∞
ψ
)2 − 2(∂m+1s˜∞ κ˜∞ψ )2
+2(am0 + am1κ˜
∞
ψ + am2(κ˜
∞
ψ )
2)(∂ms˜∞ κ˜
∞
ψ )
2 +
∑
aiJ
(
(κ˜∞ψ )i∂
J
s˜∞ κ˜
∞
ψ
)
(∂ms˜∞ κ˜
∞
ψ )
)
= −(2m+ 2)(∂ms˜ κ˜ψ)2 + ∆˜ψM
(
∂ms˜ κ˜ψ
)2 − 2(∂m+1s˜ κ˜ψ)2
+ 2(am0 + am1κ˜ψ + am2(κ˜ψ)
2)(∂ms˜ κ˜ψ)
2 +
∑
aiJ
(
(κ˜ψ)
i∂Js˜ κ˜ψ
)
(∂ms˜ κ˜ψ), (98)
This equation is similar to that which appears in ordinary MCF for the blow-up in type I
singularities (for instance, see [12] page 59) then, standard arguments (see the same reference)
show that
(∂ms˜ κ˜ψ)
2 ≤D2m for some constant Dm. (99)
Because we are in the Euclidean plane and r is the distance to a line, one has |∇r | = 1 and
∇mr = 0 for m ≥ 2. From this and (88) it follows that ∇mψ˜ = (−1)m+1 (m− 1)!b
rm
∇r ⊗ m.^ . .⊗∇r and
|∇mψ˜| ≤ (m− 1)!b
rm
. Moreover, from (73) it follows that the rescaled flows Fj satisfy
1
r(Fj )
≤
25
1
λj
1√
C4(T − tj −λ−2j τ)
=
1√
C4
1√
C − τ =
√
2√
C4
λ(τ). Then
1
r(F˜∞)
≤
√
2√
C4
λ(τ) and
1
r(F˜)
≤
√
2√
C4
=:
C5. This gives |∇mψ˜| ≤ (m−1)!b Cm5 . Then, writing ∂ms˜
〈
∇ψ˜,N
〉
in function of the ∇`ψ˜ and ∂Js κ˜ψ,
we obtain from the above estimates that |∂ms˜ κ˜| ≤ |∂ms˜ κ˜ψ |+ |∂ms˜
〈
∇ψ˜,N
〉
| is bounded.
Then there is a sequence of times τ˜n such that the F˜(·, τ˜n) converges smoothly to a curve
F˜∞∞ :M∞∞ −→R2.
Now, let us check that we can apply formula (75) to the flow F˜∞(·, τ). That is, we want to
see that ∂(F˜∞(M∞, τ)∩CR) is bounded by a finite natural number independent of τ and R (for τ
big enough). Let us consider, in the equivalent flow (70), the family r˜j(z,τ) with fixed τ which
converges C∞ to some r˜∞(z,τ). By Lemma 20 there is a t0 such that for every t ≥ t0 there exists
a finite ordered family zj1 < z
j
2 < ... < z
j
m of zeros of ˙˜r
j
(·, τ) = r˙(z/λj , tj + λ−2j τ). If we consider
˙˜r
t
(·, τ) = r˙(z/λ(t), t + λ(t)−2τ) as a function of t ∈ [t0,T [, for every τ fixed, the corresponding
zeros z1(t) < z2(t) < ... < zm(t) are continuous functions of t. Then, an argument similar to
that given in the proof of Lemma 5.1 in [1] shows that limj→∞ z
j
k = limt→T zk(t) =: zk exists for
k = 1, ...,m, where may be some zi are −∞ or∞.
Since zj1 < z
j
2 < ... < z
j
m, one has that z1 ≤ z2 ≤ ... ≤ zm. Let i0 = min{i; zi > −∞} and
im = max{i; zi < ∞}. Again by Lemma 20, the functions r˜j are strictly monotone on the
intervals ] − ∞, zj1[, ]zj1, zj2[, ..., ]zjm,∞[, then their limit r˜∞ is monotone on the intervals ] −∞, zi0[, ]zi0 , zi0+1[, ..., ]zim ,∞[. Then, on each one of these intervals, the intersection of a line
r = constant with the graphics of r˜∞(·, τ) is one point or one segment. Then, the intersection of
a line r = constant with the graphics of r˜∞(·, τ) along all the domain of r˜∞ is a finite union of
segments and points. This implies that the boundary of the intersection of the graph of r˜∞(·, τ)
with a square centered at the origin consists on a finite number of points less than 2m, and the
condition in order formula (75) be true when the manifold is not compact is fulfilled.
By formulae (75), (87), (89) and (90), taking into account that µ˜τ˜ = (2(T − t))−n/2µ∞τ and
d
dτ˜
=
dτ
dτ˜
d
dτ
= e−2τ˜ d
dτ
=
1
λ2
d
dτ
,
d
dτ˜
∫
M∞
e−|F˜|2/2r(F˜)bµ˜τ˜ =
1
λ2
d
dτ
∫
M∞
e−|F˜∞|2λ2/2λbr(F˜∞)bλnµ∞τ =
(2pi)(n+b)/2
λ2
d
dτ
∫
M∞
u(F˜∞, τ)r(F˜∞)bµ∞τ
= − (2pi)
(n+b)/2
λ2
∫
M∞
(κ∞ψ +λ2
〈
F˜∞,N
〉
)2(
√
2piλ)−(n+b)e−|F˜∞|2λ2/2r(F˜∞)bµ∞τ
= − (2pi)
(n+b)/2
λ2
∫
M∞
(λκ˜ψ +λ
〈
F˜, N˜
〉
)2(
√
2pi)−(n+b)λn+be−|F˜/λ|2λ2/2λ−br(F˜)bλ−nµ˜τ˜
= −
∫
M∞
(κ˜ψ +
〈
F˜, N˜
〉
)2e−|F˜|2/2r(F˜)bµ˜τ˜ (100)
Then, for every τ˜ > 0,
−
∫ ∞
τ˜
∫
M∞
(κ˜ψ +
〈
F˜,N
〉
)2e−|F˜|2/2µ˜ψτ˜dτ˜ =
∫ ∞
τ˜
∂
∂τ˜
∫
M∞
e−|F˜|2/2µ˜ψτ˜dτ˜
= −
∫
M∞
e−|F˜|2/2µ˜ψτ˜ + lim
τ˜→∞
∫
M∞
e−|F˜|2/2µ˜ψτ˜ .
which is finite, then
∫
M∞
(κ˜ψ +
〈
F˜,N
〉
)2µ˜ψτ˜ −→
τ˜→∞
0, and M∞∞ satisfies
〈
F˜∞∞ ,N
〉
+ κ˜ψ = 0.
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When b =m, κ˜ψ coincides with the mean curvature of a revolution hypersurface M∞∞ ×m lnr
Sm of Rm+2 and it is known by the classification of the mean convex shrinkers that it must be
a Cylinder, then M∞∞ must be a line. unionsqu
References
[1] Altschuler, Steven; Angenent, Sigurd B.; Giga, Yoshikazu Mean curvature flow through
singularities for surfaces of rotation. J. Geom. Anal. 5 (1995), no. 3, 293–358.
[2] Angenent, Sigurd, The zero set of a solution of a parabolic equation. J. reine angew. Math.,
390 (1988) 79–96
[3] Angenent, Sigurd Shrinking Doughnuts. In Nonlinear diffusion equations and their equilib-
rium states, 3 (Gregynog, 1989), 21–38, Progr. Nonlinear Differential Equations Appl., 7,
Birkha¨user Boston, Boston, MA, 1992.
[4] Vincent Bayle. Proprie´te´s de concavite´ du profil isope´rime´trique et applications. Graduate The-
sis, Institut Fourier, Universite´ Joseph-Fourier - Grenoble I, 2004.
[5] E. Cabezas-Rivas, V. Miquel, Volume-preserving mean curvature flow of revolution hyper-
surfaces in a Rotationally Symmetric Space, Mathematische Zeitschrift 261(3) (2009) 489–
510.
[6] E. Cabezas-Rivas, V. Miquel, Volume preserving mean curvature flow of revolution hyper-
surfaces between two equidistants, Calculus of Variations and PDE, 43 (2012) 185–210.
[7] B. Chow, S.C. Chu, D. Glickenstein, C. Guenter, J. Isenberg, T. Ivey, D. Knopf, P. Lu, F. Luo
and L. Ni, The Ricci Flow: Techniques and Applications. Part II:Analytic Aspects, A. M. S.,
SURV 144, Providence, 2008.
[8] B.Y. Chen, L.Vanhecke, Differential geometry of geodesic spheres, Journal ffrm-er die reine
und angewandte Mathematik, (1982) 28–67
[9] M. Gromov, Isoperimetry of waists and concentration of maps. Geom. Funct. Anal. 13 (2003)
178–215.
[10] G. Huisken, Contracting convex hypersurfaces in Riemannian manifolds by their mean
curvature, Inventiones Mathematicae 84 (1986), 463–480.
[11] G. Huisken, Asymptotic behavior for singularities of the mean curvature flow, J. Differ-
ential Geometry 31 (1990), 285–299.
[12] C. Mantegazza, Lecture Notes on Mean Curvature Flow Progress in Mathematics, 290.
Birkha¨user/Springer Basel AG, Basel, 2011
[13] V. Miquel, F. Vin˜ado-Lereu, The curve shortening problem associated to a density, Calcu-
lus of Variations and PDE, 55 (2016), 55:61.
[14] F. Morgan, Manifolds with density, Notices Am. Math. Soc. 52, (2005), 853–858
[15] B. O’Neill, Semi-Riemannian Geometry, Academic Press, 1983.
27
[16] C. Rosales, A. Can˜ete, V. Bayle, and F. Morgan, On the isoperimetric problem in Eu-
clidean space with density, Calc. Var. 31 (2008) 27–46
[17] K. Smoczyk, Symmetric hypersurfaces in Riemannian manifolds contracting to Lie-
groups by their mean curvature, Calc. Var. 4 (1996), 155 – 170.
[18] K. Smoczyk A relation between Mean Curvature Flow Solitons and Minimal Submani-
folds, Math. Nachr., 229 (2001), 175–186.
[19] Xi-Ping Zhu, Lectures on mean curvature flows, AMS/IP, Providence, 2002.
[20] http://sites.williams.edu/Morgan/2010/03/16/manifolds-with-density-fuller-references/
Department of Mathematics
University of Valencia
46100-Burjassot (Valencia), Spain
miquel@uv.es and Francisco.Vinado@uv.es
28
